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SELMER GROUPS AND ANTICYCLOTOMIC Zp-EXTENSIONS II
AHMED MATAR
Abstract. Let E/Q be an elliptic curve, p a prime where E has ordinary re-
duction and K∞/K the anticyclotomic Zp-extension of a quadratic imaginary
field K satisfying the Heegner hypothesis. We give sufficient conditions on E
and p in order to ensure that Selp∞ (E/K∞) is a cofree Λ-module of rank one.
We also show that these conditions imply that rank(E(Kn)) = pn and that
X(E/Kn)[p∞] = {0} for all n ≥ 0.
1. Introduction
Let K be an imaginary quadratic field with discriminant dK 6= −3,−4 whose
class number we will denote by hK .
Let E an elliptic curve of conductor N defined over Q with a modular paramet-
rization π : X0(N)→ E which maps the cusp ∞ of X0(N) to the origin of E (see
[14] and [3]).
Assume that every prime dividing N splits in K/Q. It follows that we can choose
an ideal N such that OK/N ∼= Z/NZ. Therefore the natural projection of complex
tori:
C/OK → C/N
−1
is a cyclic N -isogeny, which corresponds to a point of x1 ∈ X0(N). The theory
of complex multiplication shows that x1 is rational over K1, the Hilbert class field
of K. Let y1 = π(x1) ∈ E(K1) and define the point yK = TrK1/K(y1) ∈ E(K).
Kolyvagin’s celebrated paper [7] proves that when yK has infinite order, then E(K)
has rank 1 and the Tate-Shafarevich group X(E/K) is finite.
In this paper, we work with a particular prime p and therefore are interested in
the following weaker result of Kolyvagin (see [6])
Theorem (Kolyvagin). Let p be an odd prime such that Gal(Q(E[p])/Q) =
GL2(Fp) and such that p does not divide yK in E(K), then E(K) has rank 1
and X(E/K)[p∞] = {0}.
The main theorem of this article can be thought of as an extension of the above
result of Kolyvagin to the tower fields of the anticylotomic Zp-extension of K.
Before stating the result let us list the hypotheses we will work under.
Let p ≥ 5 be a prime. We shall say that (E, p) satisfies (⋆) if the following are
met:
(i) All the primes dividing N split in K/Q
(ii) p does not divide NdKhK ·#E(Fp) ·
∏
v|N cv
(iii) Gal(Q(E[p])/Q) = GL2(Fp)
(iv) E has ordinary reduction at p
(v) ap 6≡ −1 (mod p) if p is inert in K/Q
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(vi) ap 6≡ 2 (mod p) if p splits in K/Q
In the above, cv is the Tamagawa number of E at the prime v of K and the
product
∏
v|N cv runs over all primes of K dividing N . ap is the integer 1 + p −
#E(Fp).
Note that the above conditions are not identical to the conditions in [9] and [10].
Let K∞/K be the anticyclotomic Zp-extension of K, Γ = Gal(K∞/K) and Kn
the unique subfield of K∞ containing K such that Gal(Kn/K) ∼= Z/p
nZ. Denote
Γn = Γ
pn , Gn = Γ/Γn and Rn = Fp[Gn].
For any n and m we let Selpm(E/Kn) denote the p
m-Selmer group of E over Kn
defined by
0 −→ Selpm(E/Kn) −→ H
1(Kn, E[p
m]) −→
∏
v
H1(Kn,v, E)[p
m].
We also define the p∞-Selmer group of E over Kn as Selp∞(E/Kn) =
lim−→ Selp
m(E/Kn).
Finally we define the pm-Selmer group and the p∞-Selmer group of E over K∞
as Selpm(E/K∞) = lim−→
Selpm(E/Kn) and Selp∞(E/K∞) = lim−→
Selp∞(E/Kn).
Let Λ = Zp[[Γ]] be the Iwasawa algebra attached to K∞/K. Fixing a topolo-
gical generator γ ∈ Γ allows us to identify Λ with the power series ring Zp[[T ]].
Throughout most of the paper we work “mod p” and so we will also consider the
“mod p” Iwasawa algebra Λ = Λ/pΛ = Fp[[T ]].
For any discrete torsion abelian group A we let Adual = Hom(A,Q/Z) denote in
Pontryagin dual. The main result of this article is the following theorem
Theorem. Assume that (E, p) satisfies (⋆) and that p does not divide yK in E(K).
Then we have
(i) Selp∞(E/K∞)
dual is a free Λ-module of rank 1
(ii) rank(E(Kn)) = p
n for all n ≥ 0
(iii) X(E/Kn)[p
∞] = {0} for all n ≥ 0.
The method of proof of this theorem is a modification of the method used in [9].
To explain this, let ℓ be a rational prime that is relatively prime to pNdK and such
that Frobℓ(K(E[p])/Q) = [τ ] where τ is a complex conjugation on the algebraic
closure of Q. Note that ℓ is inert in K and splits completely in K∞/K.
For any n, we define E(Kn,ℓ)/p := ⊕λ|ℓE(Kλ,n)/p and H
1(Kn,ℓ, E)[p] :=
⊕λ|ℓH
1(Kn,λ, E)[p].
Tate local duality gives a nondegenerate pairing
〈 , 〉ℓ : E(Kn,ℓ)/p×H
1(Kn,ℓ, E)[p]→ Fp.
This identifies H1(Kn,ℓ, E)[p] with (E(Kn,ℓ)/p)
dual.
Taking the direct limit of the groups H1(Kn,ℓ, E)[p] with respect to restriction
and the inverse limit of the groups E(Kn,ℓ)/p with respect to corestriction (norm)
we get an isomorphism
lim
−→
H1(Kn,ℓ, E)[p] ∼= (lim←−
E(Kn,ℓ)/p)
dual.
Now consider the p-Selmer group Selp(E/Kn). If s ∈ Selp(E/Kn), then for any
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prime v of Kn the image of s in H
1(Kn,v, E[p]) (under restriction) belongs to
E(Kn,v)/p. Therefore, the restriction map induces a map
resℓ : Selp(E/Kn)→ E(Kn,ℓ)/p.
Taking inverse limits with respect to corestriction then gives a map
resℓ : lim←−
Selp(E/Kn)→ lim←−
E(Kn,ℓ)/p.
Dualizing this map and composing it with the above isomorphism gives a map
ψℓ : lim−→
H1(Kn,ℓ, E)[p]→ (lim←−
Selp(E/Kn))
dual.
Now assume that E has ordinary reduction at p. In [9] we analyzed the images of the
maps ψℓ for an infinite set of primes ℓ to conclude that rankΛ(lim←−
Selp(E/Kn)) ≤ 1
(see [10] theorem 3.1).
Now consider the group lim
←−
Selp(E/K∞)
Γn where the inverse limit is taken with
respect to the norm maps. Then a direct consequence of Mazur’s control theorem
(under the assumptions in [9]) gives that the map induced by restriction
Ξ : lim
←−
Selp(E/Kn)→ lim←−
Selp(E/K∞)
Γn
is an injection with finite cokernel.
Also one can show ([10] proposition 2.1) that corankΛ(Selp(E/K∞)) =
rankΛ(lim←−
Selp(E/K∞)
Γn). So the results mentioned above show
that corankΛ(Selp(E/K∞)) ≤ 1. But it is not hard to show that
corankΛ(Selp(E/K∞)) ≥ 1 and so we get corankΛ(Selp(E/K∞)) = 1. By a
little bit more work one can also show that corankΛ(Selp∞(E/K∞)) = 1. These
two results are the content of theorem 3.4 of [10].
In this article we reverse some of the maps above. Rather than take the direct
limit of the groups H1(Kn,ℓ, E)[p] with respect to restriction, we take their inverse
limit with respect to corestriction lim
←−
H1(Kn,ℓ, E)[p]. Analogously, we take the
direct limits of the groups E(Kn,ℓ)/p with respect to restriction lim−→
E(Kn,ℓ)/p. By
local Tate duality we get an isomorphism
lim
←−
H1(Kn,ℓ, E)[p] ∼= (lim−→
E(Kn,ℓ)/p)
dual.
As we explained above, we have a map
resℓ : Selp(E/Kn)→ E(Kn,ℓ)/p.
Taking direct limits with respect to restriction then gives a map
resℓ : lim−→
Selp(E/Kn)→ lim−→
E(Kn,ℓ)/p.
Recall that Selp(E/K∞) = lim−→
Selp(E/Kn). Therefore by dualizing the map resℓ
and composing it with the above isomorphism, we obtain a map
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ψℓ : lim←−
H1(Kn,ℓ, E)[p]→ Selp(E/K∞)
dual.
In a somewhat similar way to [9], we study the images of the maps ψℓ and show
that as the primes ℓ range over an appropriate infinite set the images of ψℓ generate
Selp(E/K∞)
dual. Under the hypothesis of our theorem above this will allow us to
prove that Selp(E/K∞)
dual is a free Λ-module of rank 1. Together with a few
observations we will obtain the results of the theorem. However we should note
that our proof relies on the fact mentioned above that corankΛ(Selp(E/K∞)) = 1.
Therefore this article is a natural continuation of [9].
2. Preliminaries
2.1. Notation. In this section we explain the notation we will use throughout the
paper. We will use any notation and definitions listed in the introduction and in
addition introduce more in this section.
We fix a complex conjugation τ on Q (the algebraic closure of Q). Given a
Z[ 12 ][τ ]-module M , we have a decomposition M = M
+ ⊕M− where M+ and M−
denotes the submodule on which τ acts as +1, respectively −1. Also, if x ∈M and
X ⊂M , we let
x± =
1
2
(x ± τx)
X± = {x± | x ∈ X}
For any m we let K[m] denote the ring class field of K of conductor m. Let
K[p∞] = ∪n≥1K[pn]. Then Gal(K[p∞]/K) is isomorphic to Zp ×∆, where ∆ is a
finite abelian group. The unique Zp-extension that is contained in K[p
∞]/K is the
anticyclotomic Zp-extension of K which we will denote by K∞/K.
If ℓ is a rational prime and F is a number field we define
E(Fℓ)/p := ⊕λ|ℓE(Fλ)/p
H1(Fℓ, E[p]) := ⊕λ|ℓH
1(Fλ, E[p])
H1(Fℓ, E)[p] := ⊕λ|ℓH
1(Fλ, E)[p],
where the sum is taken over all primes of F dividing ℓ.
With this notation we let resℓ be the localization map:
resℓ : E(F )/p→ E(Fℓ)/p
resℓ : H
1(F,E[p])→ H1(Fℓ, E[p])
resℓ : H
1(F,E)[p]→ H1(Fℓ, E)[p].
If F = Kn, with the above notation we let Kn,ℓ denote Fℓ.
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We will frequently write lim
−→
(resp. lim
←−
) for lim
−→
n
(resp. lim
←−
n
) as our limits are
taken over n.
2.2. Heegner points and Kolyvagin classes. We fix a modular parametrization
π : X0(N)→ E which maps the cusp ∞ of X0(N) to the origin of E (see [14] and
[3]) If we assume that every prime dividing N splits in K/Q (condition (⋆)-i), then
it follows that we can choose an ideal N such that OK/N ∼= Z/NZ. Let m be
an integer that is relatively prime to NdK and let Om = Z +mOK be the order
of conductor m in K. The ideal Nm = N ∩ Om satisfies Om/Nm ∼= Z/NZ and
therefore the natural projection of complex tori:
C/Om → C/N
−1
m
is a cyclic N -isogeny, which corresponds to a point of X0(N). Let α[m] be its image
under the modular parametrization π. From the theory of complex multiplication
we have that α[m] ∈ E(K[m]) where K[m] is the ring class field of K of conductor
m.
If we assume that the class number of K is not divisible by p (condition (⋆)-ii),
it follows for any n that K[pn+1] is the ring class field of minimal conductor that
that contains Kn. We now define αn ∈ E(Kn) to be the trace from K[p
n+1] to Kn
of α[pn+1].
Let Rnαn denote the Rn-submodule of H
1(Kn, E[p]) generated by the image of
αn under the Kummer map
E(Kn)→ H
1(Kn, E[p]).
If we assume that Gal(Q(E[p])/Q) = GL2(Fp) (condition (⋆)-iii), then by corol-
lary 2.4 of [9] we have E(K∞)[p
∞] = {0}. This implies that the restriction map for
m ≥ n
H1(Kn, E[p])→ H
1(Km, E[p])
is injective and therefore allows us to view Rnαn as a submodule of H
1(Km, E[p]).
Now assume E has ordinary reduction at p (condition (⋆)-iv), p ∤ #E(Fp) (con-
dition (⋆)-i) and conditions (⋆)-v and (⋆)-vi hold when p is inert in K, respectively
p splits in K. From section 3.3 of [13] it follows that
{
TrK1/K(α1) = (ap − a
−1
p (p+ 1))α0 if p is inert in K/Q
TrK1/K(α1) = (ap − (ap − 2)
−1(p− 1))α0 if p splits in K/Q
(1)
TrKn+1/Kn(αn+1) = apαn − αn−1 for n ≥ 1 (2)
We claim that the map TrKn+1/Kn : Rn+1αn+1 → Rnαn is surjective. We argue
by induction on n. The assumptions above imply that the numbers ap−a
−1
p (p+1)
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and ap − (ap − 2)−1(p − 1) are p-adic units when p is inert in K, respectively p
splits in K. This proves the claim for n = 0. Assume the claim for n − 1. Then
αn−1 = uTrKn/Kn−1(αn) for some unit u in Rn−1 Then from (2) above we get
that TrKn+1/Kn(αn+1) = (ap − uTrKn/Kn−1)αn. Since ap 6≡ 0 mod p, therefore
ap − uTrKn/Kn−1 is a unit in Rn. The claim for n follows.
As in [9], we now describe the construction of Kolyvagin classes over ring class
fields. For the rest of this section we assume that (E, p) satisfies (⋆). First let us
make the following definition
Definition 2.1. A rational prime ℓ is called a Kolyvagin prime if
(i) ℓ is relatively prime to pNdK
(ii) Frobℓ(K(E[p])/Q) = [τ ]
Let r be a squarefree product of Kolyvagin primes. For any n let Kn[r] denote
the field KnK[r]. We now define αn(r) to be the trace of α[rp
n+1] from K[rpn+1]
to Kn[r].
Let Gn,r = Gal(Kn[r]/Kn[1]) and let Gn,ℓ = Gal(Kn[ℓ]/Kn[1]). By class field
theory Gn,r =
∏
ℓ|rGn,ℓ and Gn,ℓ is cyclic of order ℓ+ 1. Let σℓ be a generator of
Gn,ℓ. Define Dℓ :=
∑ℓ
i=1 iσ
i
ℓ ∈ Z/pZ[Gn,ℓ] and Dr :=
∏
ℓ|rDℓ ∈ Z/pZ[Gn,r]. Then
one can show that Drαn(r) belongs to (E(Kn[r]/p))
Gn,r (see [2] lemma 3.3). It
follows that TrKn[1]/KnDrαn(r) ∈ (E(Kn[r])/p)
Gn,r where Gn,r = Gal(Kn[r]/Kn).
Now consider the commutative diagram
0

H1(Kn[r]/Kn, E)[p]
inf

0 // E(Kn)/p

φ
// H1(Kn, E[p])
˜res

// H1(Kn, E)[p]
res

// 0
0 // (E(Kn[r])/p)
Gn,r
φr
// H1(Kn[r], E[p])
Gn,r // H1(Kn[r], E)[p]
Gn,r
(3)
Let cn(r) ∈ H1(Kn, E[p]) be so that
φr(TrKn[1]/KnDrαn(r)) = Res(cn(r))
and let dn(r) be the image of cn(r) in H
1(Kn, E)[p]. Note that cn(1) = φ(αn).
These Kolyvagin classes have the following properties:
(1) Let −ǫ denote the sign of the functional equation of the L-function of E/Q,
fr be the number of prime divisors of r. We have ταn = ǫg
in,1αn + βn
with βn ∈ E(Kn)tors, g a generator of Gal(K∞/K) and in,1 ∈ {0, ..., pn −
1}. Moreover, τ acts on H1(Kn, E[p]) and we can deduce that τcn(r) =
ǫrg
in,rcn(r) where ǫr = (−1)fr ǫ and in,r ∈ {0, ..., pn − 1}.
(2) If v is a rational prime that does not divide r, then dn(r)vn = 0 in
H1(Kvn , E)[p] for all primes of Kn vn|v.
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(3) If ℓ|r, there exists a Gn-equivariant and a τ -antiequivariant isomorphism:
ψn,ℓ : H
1(Kn,ℓ, E)[p]→ E(Kn,ℓ)/p
such that ψn,ℓ(resℓ dn(r)) = resℓ(cn(r/ℓ)).
If we let corn+1 denote the corestriction maps H
1(Kn+1,ℓ, E)[p] →
H1(Kn,ℓ, E)[p] and E(Kn+1,ℓ)/p→ E(Kn,ℓ)/p, then we have
ψn,ℓ ◦ corn+1 = corn+1 ◦ψn+1,ℓ.
(4) The following corestriction maps are surjective:
corn+1 : Rn+1αn+1 → Rnαn, corn+1 : Rn+1cn+1(r) → Rncn(r) and
corn+1 : Rn+1dn+1(r)→ Rndn(r).
The isomorphism ψn,ℓ is constructed in [2]. The fact that it commutes with
corestriction is easily seen since any Kolyvagin prime ℓ splits completely in K∞/K.
Regarding the surjectivity of the corestriction maps in (4), the surjectivity
of corn+1 : Rn+1αn+1 → Rnαn was proven earlier. By a similar proof using
the relations in [13] section 3.3, one can show that corn+1 : Rn+1αn+1(r) →
Rnαn(r) is surjective (note that Gal(Kn[r]/K) = Gal(Kn/K) × Gal(K[r]/K)
and so Rnαn(r) makes sense). It follows from the commutative diagram (3)
that corn+1 : Rn+1cn+1(r) → Rncn(r) is surjective which in turn implies that
corn+1 : Rn+1dn+1(r)→ Rndn(r) is also surjective.
2.3. Preliminary Results. In this section, we collect some preliminary results
that will be used in the proof of our theorem in the introduction. We assume
throughout this section that Gal(Q(E[p])/Q) = GL2(Fp) (condition (⋆)-iii).
Now for any n and any rational prime ℓ, local Tate duality gives a non-degenerate
pairing (see [6] prop. 7.5)
〈 , 〉ℓ : E(Kn,ℓ)/p×H
1(Kn,ℓ, E)[p]→ Fp (4)
This identifies H1(Kn,ℓ, E)[p] with (E(Kn,ℓ)/p)
dual.
Moreover, if a ∈ E(Kn+1,ℓ)/p and b ∈ H
1(Kn,ℓ, E)[p], then a property of Tate
local duality gives 〈res a, b〉 = 〈a, cor b〉 where
cor : H1(Kn+1,ℓ, E)[p]→ H
1(Kn,ℓ, E)[p]
is the corestriction map.
res : E(Kn,ℓ)/p→ E(Kn+1,ℓ)/p
is the restriction map. Therefore Tate local duality induces an isomorphism
lim
←−
H1(Kn,ℓ, E)[p] ∼= (lim−→
E(Kn,ℓ)/p)
dual (5)
where the inverse limit is taken over n with respect to the corestriction maps and
the direct limit is taken over n with respect to the restriction maps.
The p-Selmer group Selp(E/Kn) consists of the cohomology classes s ∈
H1(Kn, E[p]) whose restrictions resv(s) ∈ H
1(Kn,v, E[p]) belong to E(Kn,v)/p for
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all primes v of Kn, where we view E(Kn,v)/p as a subspace of H
1(Kn,v, E[p]) using
the Kummer sequence
0 −→ E(Kn,v)/p −→ H
1(Kn,v, E[p]) −→ H
1(Kn,v, E)[p] −→ 0.
Therefore, we have a map
resℓ : Selp(E/Kn)→ E(Kn,ℓ)/p. (6)
The map resℓ then induces a map
resℓ : lim−→
Selp(E/Kn)→ lim←−
E(Kn,ℓ)/p. (7)
Note that Selp(E/K∞) = lim−→ Selp(E/Kn). Therefore, dualizing the map resℓ and
using the isomorphism (5) above we get a map
ψℓ : lim←−
H1(Kn,ℓ, E)[p]→ Selp(E/K∞)
dual.
We will need to understand the Λ-structure of imgψℓ. In order to do this, we will
need the following important observation
Proposition 2.2. If ℓ is a Kolyvagin prime, then lim
←−
H1(Kn,ℓ, E)[p] is a free Λ-
module of rank 2.
Proof. Consider the Λ-module M := lim
−→
H1(Kn,ℓ, E)[p] where the direct limit is
taken with respect to the restriction maps. In [9] proposition 2.5 we showed thatM
is a cofree Λ-module of rank 2 and thatMΓn = H1(Kn,ℓ, E)[p] for any n. Therefore
the proposition follows from [10] proposition 2.1. 
Now for any n let Ln = Kn(E[p]) and Gn = Gal(Ln/Kn) which is isomorphic to
GL2(Fp) by [9] lemma 2.3. Then we have the following proposition ([6] prop. 9.1)
Proposition 2.3. The restriction map induces an isomorphism:
res : H1(Kn, E[p])
∼−→ H1(Ln, E[p])
Gn = HomGn(Gal(Q/Ln), E[p])
From the above proposition we get a pairing
[ , ] : H1(Kn, E[p])×Gal(Q/Ln)→ E[p] (8)
If Sn ⊂ H1(Kn, E[p]) is a finite subgroup, let GalSn(Q/Ln) be the subgroup con-
sisting of ρ ∈ Gal(Q/Ln) such that [s, ρ] = 0 for all s ∈ Sn and let LSn be the fixed
field of GalSn(Q/Ln). Then LSn/Kn is a finite Galois extension and the above
pairing induces a nondegenerate pairing
[ , ] : Sn ×Gal(LSn/Ln)→ E[p] (9)
We now assume that we have a finite subgroup S ⊂ H1(K,E[p]) that is stable
under Gal(K/Q). Then LS/Q is a finite Galois extension. Let V = Gal(LS/L0).
Given a subset U of V we define
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L (U) = {ℓ rational prime | ℓ ∤ pN and Frobℓ(LS/Q) = [τu] for u ∈ U}
Note that every ℓ ∈ L (U) is a Kolyvagin prime. A suitably chosen subgroup S
will play an important role in our proof of the theorem in the introduction
Proposition 2.4. If U+ generates V +, then imgψℓ with ℓ ranging over L (U)
generate Selp(E/K∞)
dual
Proof. Let s ∈ lim
−→
Selp(E/Kn) = Selp(E/K∞). To prove the proposition, it suffices
to show that resℓ(s) = 0 for all ℓ ∈ L (U) implies s = 0. By [9] corollary 2.4, we
have that E(K∞)[p
∞] = {0}. From this it follows that the maps in the direct limit
lim−→ Selp(E/Kn) are injections. Also for any ℓ ∈ L (U), since ℓ is inert in K/Q
and ℓ 6= p, we get that ℓ splits completely in K∞/K so the maps in the direct
limit lim
−→
E(Kn,ℓ)/p are also injections. These observations imply that to prove the
proposition, we need to show that for any n if s ∈ Selp(E/Kn) and resℓ(s) = 0 for
all ℓ ∈ L (U), then s = 0. This can be shown exactly as in [9] proposition 2.8. 
The following proposition will be an important tool to finding relations in
Selp(E/K∞)
dual
Proposition 2.5. For any n, if s ∈ Selp(E/Kn) and γ ∈ H1(Kn, E)[p], then∑
ℓ
〈resℓ s, resℓ γ〉ℓ = 0
where the sum is taken over all the rational primes
The proposition is an immediate consequence of the global reciprocity law for
elements in the Brauer group of Kn ([12] th. 8.1.17), taking into account the
definition of local Tate duality (loc. cit. th. 7.2.6).
3. Proof of Theorem
In this section we prove the theorem in the introduction. We assume throughout
this section the assumptions of the theorem, namely that (E, p) satisfies (⋆) and that
p does not divide yK in E(K). Recall that yK = TrK1/K(α[1]) (in the introduction
α[1] was also denoted x1) and α0 = TrK[p]/K(α[p]). From the relations in [13]
section 3.3, we see that α0 = ayK where a = ap and a = ap − 2 when p is inert
in K, respectively p splits in K. Our conditions (conditions (⋆)-iv and (⋆)-vi)
imply that a is not divisible by p. So since p does not divide yK in E(K), it also
follows that p does not divide α0 in E(K). Let δα0 be the nonzero image of α0 in
H1(K,E[p]).
Consider the restriction maps resn : H
1(Kn, E[p]) → H1(Kn+1, E[p]). These
maps are injective as was explained in section 2.2. Since the corestriction maps
corn+1 : Rn+1αn+1 → Rnαn are surjective by property (4) of the Kolyvagin classes
in section 2.2, therefore it follows that resn(Rnαn) ⊆ Rn+1αn+1. So, as in [9], we
may for the direct limit lim
−→
Rnαn. Then we have the following theorem
Theorem 3.1. As a Λ-module (lim
−→
Rnαn)
dual is finitely generated and not torsion.
Proof. It is well-known (see for example [8] th. 4.5) that Selp∞(E/K∞)
dual is a
finitely generated Λ-module. Since E(K∞)[p
∞] = {0} by [9] corollary 2.4, therefore
we have an isomorphism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p] and so Selp(E/K∞)
dual
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is a finitely generated Λ-module. The same then holds for (lim
−→
Rnαn)
dual (since it
is a quotient of Selp(E/K∞)
dual).
We now prove that (lim
−→
Rnαn)
dual is not Λ-torsion. Since finitely generated
torsion Λ-modules are finite, we just have to show that lim
−→
Rnαn has infinite car-
dinality. Clearly, this will hold if we show that the inverse limit lim
←−
Rnαn defined
using surjective corestriction maps (see property (4) of the Kolyvagin classes in
section 2.2) is nonzero. This last fact holds since δα0 6= 0. 
Remark. In both [9] and [10], the condition that p does not divide ϕ(NdK) nor the
number of geometrically connected components of the kernel of π∗ : J0(N) → E
appears. Let us call this condition (C). When E has ordinary reduction at p (which
is the case we are considering in this paper), condition (C) is used via the work of
Cornut [4] to prove [9] theorem 3.1 which has an identical statement to the above
theorem. As we just saw, the above theorem holds without the need for condition
(C). For δα0 6= 0 ensures that the above theorem is true. Therefore, we see that
theorem A in [9] and theorem 3.4(a) in [10] (whose proof is based on theorem A of
[9]) are true if (E, p) satisfies (⋆) and δα0 6= 0.
We now define Xs,p(E/K∞) := lim←−
Selp(E/Kn) where the inverse limit is taken
over n with respect to the corestriction maps. Note that we have chosen to put an
“s” in the subscript so that the reader does not confuse this group with the group
Xp(E/K∞) in [9] which was defined in a different way.
We also define Ys,p(E/K∞) = lim←−
Selp(E/K∞)
Γn where the inverse limit is taken
over n with respect to the norm maps.
We also consider the group lim
←−
Rnαn where the inverse limit is taken with respect
to surjective corestriction maps (see property (4) of the Kolyvagin classes in section
2.2).
For each n we have an injection ιn : Rnαn →֒ Selp(E/Kn). These injections
induce an injection
ι : lim
←−
Rnαn →֒ Xs,p(E/K∞).
Also, for each n we have a restriction map resn : Selp(E/Kn) → Selp(E/K∞)Γn .
These restriction maps induce a map
Ξ : Xs,p(E/K∞)→ Ys,p(E/K∞).
We now have the following important theorem
Theorem 3.2. The group Ys,p(E/K∞) is a free Λ-module of rank 1 and the maps ι
and Ξ are isomorphisms (hence Xs,p(E/K∞) and lim←−
Rnαn are also free Λ-modules
of rank 1).
Proof. First note that by corollary 2.4 in [9], we have that E(K∞)[p
∞] = {0}.
Then since E has good ordinary reduction at p, p ∤ #E(Fp) ·
∏
v|N cv and
E(K∞)[p
∞] = {0}, therefore by Mazur’s control theorem (see [11] and [5]) the
maps resn : Selp∞(E/Kn)→ Selp∞(E/K∞)Γn are isomorphisms for all n.
Since E(K∞)[p
∞] = {0}, therefore we have an isomorphism Selp(E/K∞)
∼−→
Selp∞(E/K∞)[p]. So Mazur’s control theorem implies that the restriction maps
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resn : Selp(E/Kn)→ Selp(E/K∞)Γn are isomorphisms. This implies that the map
Ξ is an isomorphism.
By [10] theorem 3.4 (and the remark after theorem 3.1), Selp∞(E/K∞)
dual
has Λ-rank equal to 1 and µ-invariant equal to zero. Also as above we have
Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p]. These 2 facts imply that Selp(E/K∞)
dual has
Λ-rank equal to 1. This then implies by [10] proposition 2.1 that Ys,p(E/K∞) is a
free Λ-module of rank 1. Since Ξ is an isomorphism, therefore Xs,p(E/K∞) is also
a free Λ-module of rank 1.
Since ι is an injection and Xs,p(E/K∞) is a free Λ-module of rank 1, therefore
to prove that ι is an isomorphism we only have to show that img ι /∈ (γ − 1)Xs,p.
We show this as follows. First, for the inverse limits lim
←−
Rnαn and Xs,p(E/K∞),
let π0 be the projection onto its zeroth component:
π0 : lim←−
Rnαn → Fpα0
π0 : Xs,p(E/K∞)→ Selp(E/K)
Since maps defining the inverse limit lim
←−
Rnαn are surjective, therefore there ex-
ists a ∈ lim
←−
Rnαn such that π0(a) = δα0. Now consider any element b ∈
(γ − 1)Xs,p(E/K∞). Since Selp(E/K) is invariant under Γ, therefore it follows
that π0(b) = 0. But we have π0(ι(a)) = ι0(δα0) which is not zero since ι0 is an
injection and δα0 is not zero. This shows that ι(a) /∈ (γ − 1)Xs,p(E/K∞) which,
as explained above, completes the proof. 
By property (1) of the Kolyvagin classes in section 2.2, taking into account
the fact that E(K∞)[p
∞] = {0} ([9] corollary 2.4), we have that τ δα0 = ǫ δα0
where −ǫ is the sign of the functional equation of the L-function of E/Q. let T
be the subgroup generated by δα0 in H
1(K,E[p]). With the notation following
proposition 2.3, we have an extension LT /Q which is Galois over Q since T is τ -
invariant. Now let H = Gal(LT /L) ∼= E[p] (see [6] prop. 9.3) and choose h ∈ H
such that (τh)2 ∈ H+ − {0}. We now choose an auxiliary prime ℓ1 such that ℓ1
is relatively prime to pNdK and Frobℓ1(LT /Q) = [τh] (such a prime exists by the
Chebotarev density theorem).
We now claim that resℓ1 δα0 6= 0. To prove this we only have to note that ℓ1 is
inert in K/Q and hence Frobℓ1(LT /K) = [(τh)
2]. Since (τh)2 is nonzero, the fact
that resℓ1 δα0 6= 0 follows easily from the non-degeneracy of the pairing (9).
By property (3) of the Kolyvagin classes in section 2.2, it follows that
resℓ1 d0(ℓ1) 6= 0. This implies that resℓ1 c0(ℓ1) 6= 0 which in turn implies that
c0(ℓ1) 6= 0. By property (1) of the Kolyvagin classes in section 2.2, we have
τc0(ℓ1) = −ǫ c0(ℓ1).
Similarly to theorem 3.2, we have the following
Theorem 3.3. lim
←−
Rncn(ℓ1) is a free Λ-module of rank 1.
Proof. If L/Q is an algebraic extension and T is any set of primes of L we define
SelTp (E/L) by the exact sequence
0 −→ SelTp (E/L) −→ H
1(L,E[p]) −→
∏
v/∈T
H1(Lv, E)[p]
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For any n, let Tn be the primes of Kn above ℓ1 and T∞ be the primes of K∞
above ℓ1. To prove the theorem, it suffices to show that the group lim←−
SelTnp (E/Kn)
(inverse limit with respect to corestriction) has Λ-rank less than or equal to one.
To see why this suffices, note that since E(K∞)[p
∞] = {0} ([9] corollary 2.4),
lim
←−
SelTnp (E/Kn) injects into lim←−
SelT∞p (E/K∞)
Γn (inverse limit with respect to
norms). But by the argument in [9] proposition 3.2, SelT∞p (E/K∞) is a finitely
generated Λ-module. This implies by [10] proposition 2.1 that lim
←−
SelT∞p (E/K∞) is
a free Λ-module and since lim
←−
SelTnp (E/Kn) injects into it, it is also a free Λ-module
(recall that Λ is a PID).
Note that by property (2) of the Kolyvagin classes in section 2.2, Rncn(ℓ1)
is contained in SelTnp (E/Kn) and hence lim←−
Rncn(ℓ1) ⊆ lim←−
SelTnp (E/Kn). Also
note that lim
←−
Rncn(ℓ1) is not zero because c0(ℓ1) is not zero and the corestriction
maps defining the inverse limit are surjective (see property (4) of the Kolyvagin
classes in section 2.2). Now assume that rankΛ(lim←−
SelTnp (E/Kn)) ≤ 1. Then as
lim
←−
SelTnp (E/Kn) is a free Λ-module and lim←−
Rncn(ℓ1) is a nonzero submodule of it,
we must have that lim
←−
Rncn(ℓ1) is a free Λ-module of rank 1.
So we see that it suffices to show that rankΛ(lim←−
SelTnp (E/Kn)) ≤ 1. We show
this by adapting the proof of theorem A in [9] to our setup.
Let ℓ be a Kolyvagin prime different from ℓ1. In a similar way to [9] section
2.3, we will construct a map ψ′ℓ : lim−→
H1(Kn,ℓ, E)[p] → (lim←−
SelTnp (E/Kn))
dual as
follows: First by Tate local duality we have an isomorphism
lim
−→
H1(Kn,ℓ, E)[p] ∼= (lim←−
E(Kn,ℓ)/p)
dual.
Next, for any n, we have a restriction map resℓ : Sel
Tn
p (E/Kn) → E(Kn,ℓ)/p.
Taking inverse limits gives a map
resℓ : lim←−
SelTnp (E/Kn)→ lim←−
E(Kn,ℓ)/p.
Dualizing this map and using the Tate duality isomorphism we get a map
ψ′ℓ : lim−→H
1(Kn,ℓ, E)[p]→ (lim←−Sel
Tn
p (E/Kn))
dual.
The map ψℓ in [9] section 2.3 is similar to ψ
′
ℓ but with a different codomain. We
will modify the definition of L (U) on page 416 of [9] to exclude the prime ℓ1:
L (U) = {ℓ rational prime | ℓ ∤ pℓ1N and Frobℓ(LSn0/Q) = [τu] for u ∈ U}
Taking into account the remark after theorem 3.1, if we work with the map ψ′ℓ rather
than ψℓ, we obtain results identical those in [9] where the groupXp(E/K∞) gets re-
placed by lim
←−
SelTnp (E/Kn) so proposition 3.7 gives that rankΛ(lim←−
SelTnp (E/Kn)) ≤
1 as desired. This proves the theorem. 
We now define the subgroup S ⊂ H1(K,E[p]) and the set U in section 2.3.
Let s = δα0 and s
′ = c0(ℓ1). Now define S to be the subgroup of H
1(K,E[p])
generated by s and s′. Since τs = ǫs and τs′ = −ǫs′, the set S is τ -invariant and
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dimFp(S) = 2. Let V = Gal(LS/L) where L = K(E[p]). We will denote L{Fps} and
L{Fps′} by Ls and Ls′ respectively. By [6] prop. 9.3 we have
V = Gal(Ls/L)×Gal(Ls′/L) = E[p]× E[p].
Complex conjugation τ acts on V by
τ(x, y)τ = (ǫ τx,−ǫ τy).
Let E[p]ǫ denote the submodule of E[p] on which τ acts as ǫ. We now define a
subset U of V as
U = {(x, y) | x ∈ E[p]ǫ − {0} and y ∈ E[p]−ǫ − {0}}.
It is clear that U+ generates V +.
Before stating the next proposition note that if M is a Λ-module on which τ
acts, then τ acts on its coinvaraints MΓ = M/(γ − 1)M as well. To see this, we
need to show that τ(γ − 1)M = (γ−1 − 1)M is contained in (γ − 1)M . Under
the correspondence T = γ − 1, this amounts to showing that the power series
(T + 1)−1 − 1 is divisible by T which is certainly true. In particular, if M is a free
Λ-module of rank 1, then MΓ is a 1-dimensional Fp-vector space on which τ acts as
ω ∈ {+1,−1}
Proposition 3.4. For any ℓ ∈ L (U), the submodules lim←− resℓRnαn and
lim
←−
resℓRncn(ℓ1) of lim←−
E(Kn,ℓ)/p are free Λ-modules of rank 1 and together they
generate lim
←−
E(Kn,ℓ)/p.
Proof. First let us note that resℓ lim←−
Rnαn = lim←−
resℓRnαn. This holds since for
each n the restriction map induces surjections φn : Rnαn ։ resℓRnαn where the
groups in the maps are finite and hence compact Hausdorff. So by a well-known
result, taking inverse limits of the maps φn induces a surjection. Similarly, we have
resℓ lim←−Rncn(ℓ) = lim←− resℓRncn(ℓ1). These 2 facts will be used throughout the
proof.
For the inverse limits lim
←−
Rnαn, lim←−
Rncn(ℓ1), lim←−
E(Kn,ℓ)/p, let π0 be the pro-
jection onto its zeroth component:
π0 : lim←−
Rnαn → Fpα0
π0 : lim←−
Rncn(ℓ1)→ Fpc0(ℓ1)
π0 : lim←−E(Kn,ℓ)/p→ E(Kℓ)/p
Recall that δα0 and c0(ℓ1) are nonzero and satisfy τ δα0 = ǫ δα0 and τc0(ℓ1) =
−ǫ c0(ℓ1) where −ǫ is the sign of the L-function of E/Q. Also recall that the
corestriction maps defining the inverse limits lim
←−
Rnαn and lim←−
Rncn(ℓ1) are sur-
jective. It follows that there exist a ∈ lim
←−
Rnαn and b ∈ lim←−
Rncn(ℓ1) such that
π0(a) = δα0 and π0(b) = c0(ℓ1).
We claim that τ acts on (lim
←−
Rnαn)Γ as ǫ and on (lim←−
Rncn(ℓ1))Γ as −ǫ. To
see this, assume that τ acts on (lim
←−
Rnαn)Γ as ω ∈ {+1,−1}. Then τa = ωa+ a′
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where a′ ∈ (γ − 1) lim
←−
Rnαn. Applying π0 to both sides of this equality, we get
τδα0 = ωδα0+ π0(a
′). We have that a′ = (γ − 1)a′′ for some a′′ ∈ lim
←−
Rnαn. Since
π0(a
′′) is Γ-invariant, therefore π0(a
′) = 0. This implies that ω = ǫ as desired.
Similarly, using the element b, one shows that τ acts on (lim
←−
Rncn(ℓ1))Γ as −ǫ.
Now let ℓ ∈ L (U). The maps in property (3) of the Kolyvagin classes in section
2.2 induce an isomorphism of Λ-modules lim
←−
E(Kn,ℓ)/p ∼= lim←−
H1(Kn,ℓ, E)[p]. This
implies by proposition 2.2 that lim
←−
E(Kn,ℓ)/p is a free Λ-module of rank 2.
Our definition of the set U ensures that resℓ(δα0) 6= 0 and resℓ(c0(ℓ1)) 6= 0.
Therefore, π0(resℓ(a)) 6= 0 and π0(resℓ(b)) 6= 0. In particular, lim←−
resℓRnαn 6= 0
and lim
←−
resℓRncn(ℓ1) 6= 0. According to theorems 3.2 and 3.3, both lim←−
Rnαn
and lim
←−
Rncn(ℓ1) are free Λ-modules of rank 1. Also since both lim←−
resℓRnαn and
lim
←−
resℓRncn(ℓ1) are contained in lim←−
E(Kn,ℓ)/p which as we mentioned above is a
free Λ-module, therefore lim
←−
resℓRnαn and lim←−
resℓRncn(ℓ1) are torsion-free. The
above facts imply that lim
←−
resℓRnαn and lim←−
resℓRncn(ℓ1) are free Λ-modules of
rank 1.
Now consider any element c ∈ (γ − 1) lim
←−
E(Kn,ℓ)/p. Since E(Kℓ)/p is Γ-
invariant, therefore it follows that π0(c) = 0. This shows that resℓ(a), resℓ(b) /∈
(γ − 1) lim
←−
E(Kn,ℓ)/p which in turn implies that the maps
ψ1 : (lim←−
Rnαn)Γ → (lim←−
E(Kn,ℓ)/p)Γ
ψ2 : (lim←−
Rncn(ℓ1))Γ → (lim←−
E(Kn,ℓ)/p)Γ
are nonzero. Since both lim
←−
Rnαn and lim←−
Rncn(ℓ1) are free Λ-modules of rank
1, therefore dimFp((lim←−
Rnαn)Γ) = dimFp((lim←−
Rncn(ℓ1))Γ) = 1. It follows that
the maps ψ1 and ψ2 are injective. Also dimFp((lim←−
E(Kn,ℓ)/p)Γ) = 2 (because
lim
←−
E(Kn,ℓ)/p is a free Λ-module of rank 2) and, as we mentioned above, τ acts on
(lim
←−
Rnαns)Γ and (lim←−
Rncn(ℓ1))Γ as ǫ and −ǫ, respectively. Therefore, the images
of the maps ψ1 and ψ2 generate (lim←−
E(Kn,ℓ)/p)Γ. Equivalently
lim
←−
E(Kn,ℓ)/p = (γ − 1) lim←−
E(Kn,ℓ)/p+ lim←−
resℓRnαn + lim←−
resℓRncn(ℓ1)
Since Λ is a DVR with maximal ideal generated by γ − 1 (it is isomorphic to the
power series ring Fp[[T ]] mapping γ − 1 to T ), therefore by Nakayama’s lemma the
above equality implies that lim
←−
E(Kn,ℓ)/p = lim←−
resℓRnαn+lim←−
resℓRncn(ℓ1). This
completes the proof of the proposition. 
Corollary 3.5. For any ℓ ∈ L (U), the submodules lim
←−
resℓRndn(ℓ) and
lim
←−
resℓRndn(ℓℓ1) of lim←−
H1(Kn,ℓ, E)[p] are free Λ-modules of rank 1 and together
they generate lim
←−
H1(Kn,ℓ, E)[p].
Proof. Use the previous proposition and property (3) of the Kolyvagin classes in
section 2.2. 
Proposition 3.6. imgψℓ1 is either finite or a free Λ-module of rank 1.
Proof. Note that ℓ1 was chosen so that resℓ1(δα) 6= 0. Therefore, just as in the
proof of proposition 3.4 (see paragraphs 6 and 7 of the proof), lim
←−
resℓ1 Rnαn
is a free Λ-submodule of lim
←−
E(Kn,ℓ1)/p of rank 1 that is not contained in
(γ − 1) lim
←−
E(Kn,ℓ1)/p. So using property (3) of the Kolyvagin classes in section
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2.2, we get that lim
←−
resℓ1 Rndn(ℓ1) is a free Λ-submodule of lim←−
H1(Kn,ℓ1 , E)[p] of
rank 1 that is not contained in (γ − 1) lim
←−
H1(Kn,ℓ1 , E)[p].
By proposition 2.5 and property (2) of the Kolyvagin classes in sec-
tion 2.2, ψℓ1(lim←−
resℓ1 Rndn(ℓ1)) = 0 so imgψℓ1 is the homomorphic im-
age of lim
←−
H1(Kn,ℓ1 , E)[p]/ lim←−
resℓ1 Rndn(ℓ1). Since by proposition 2.2,
lim
←−
H1(Kn,ℓ1 , E)[p] is a free Λ-module of rank 2 and since lim←−
resℓ1 Rndn(ℓ1) is
a free Λ-submodule of rank 1 that is not contained in (γ − 1) lim
←−
H1(Kn,ℓ1 , E)[p]
therefore the quotient lim
←−
H1(Kn,ℓ1, E)[p]/ lim←−
resℓ1 Rndn(ℓ1) is a free Λ-module of
rank 1. The result follows. 
The following is the essential step to proving our desired theorem
Theorem 3.7. Selp(E/K∞)
dual is a free Λ-module of rank 1.
Proof. Let ℓ ∈ L (U). Using proposition 2.5 together with property (2) of the
Kolyvagin classes in section 2.2, we see that ψℓ(lim←−
resℓRndn(ℓ)) = 0. Therefore
from corollary 3.5, imgψℓ = ψℓ(lim←− resℓRndn(ℓℓ1)).
Now let α ∈ lim
←−
Rndn(ℓℓ1). Then using proposition 2.5 together with property
(2) of the Kolyvagin classes in section 2.2 it follows that
ψℓ(resℓ(α)) +ψℓ1(resℓ1(α)) = 0
Therefore, ψℓ(resℓ(α)) ∈ imgψℓ1 and so by the above observation imgψℓ ⊆ imgψℓ1
(note that resℓ lim←−Rndn(ℓ) = lim←− resℓRndn(ℓ) by the argument in the beginning of
the proof of proposition 3.4).
Let X be the submodule of Selp(E/K∞)
dual generated by imgψℓ as ℓ ranges
over L (U). Then by our observation above, X ⊆ imgψℓ1 . Also by proposition 2.4,
X = Selp(E/K∞)
dual. Since also ψℓ1 is contained in Selp(E/K∞)
dual, it therefore
follows that imgψℓ1 = Selp(E/K∞)
dual.
Then by the previous proposition, it follows that Selp(E/K∞)
dual is either finite
or a free Λ-module of rank 1. By [10] theorem 3.4 (and the remark after the-
orem 3.1), Selp∞(E/K∞)
dual has Λ-rank equal to 1 and µ-invariant equal to zero.
Also according to corollary 2.4 in [9], E(K∞)[p
∞] = {0} which implies that we
have an isomorphism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p]. These 2 facts imply that
Selp(E/K∞)
dual has Λ-rank is equal to 1 so Selp(E/K∞)
dual cannot be finite. It is
therefore a free Λ-module of rank 1. 
We need one more observation before proving our theorem
Proposition 3.8. rank(E(Kn)) ≥ pn for all n ≥ 0
Proof. Consider the group Ys,p(E/K∞) = lim←−
Selp(E/K∞)
Γn where the inverse
limit is with respect to norm maps. We claim that the transition norm maps are
surjective. Let X = Selp(E/K∞)
dual. By duality, to show that the transition norm
maps defining Ys,p(E/K∞) are surjective, it would suffice to show that for any n,
the map θn : XΓn → XΓn+1 induced by TrKn+1/Kn is injective. Note that XΓn =
X/(γp
n
− 1)X , XΓn+1 = X/(γ
pn+1 − 1)X and TrKn+1/Kn =
γp
n+1
−1
γpn−1
=
∑p−1
i=0 γ
ipn .
Let x ∈ X and assume that TrKn+1/Knx = (γ
pn+1 − 1)X . Then TrKn+1/Knx =
(γp
n+1
−1)y for some y ∈ X . This implies that TrKn+1/Kn(x− (γ
pn−1)y) = 0. But
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by theorem 3.7, X is a free Λ-module and so in particular is torsion-free. Therefore
we have x = (γp
n
− 1)y. This shows that θn is injective and hence the transition
maps defining Ys,p(E/K∞) are surjective.
For the groups lim
←−
Rnαn and Ys,p(E/K∞), we let πn be the projection onto its
n-th component.
πn : lim←−
Rkαk → Rnαn
πn : Ys,p(E/K∞)→ Selp(E/Kn)
Recall from the beginning of this section, that we have maps Ξ ◦ ι : lim
←−
Rnαn →
Ys,p(E/K∞) and maps resn ◦ ιn : Rnαn → Selp(E/K∞)Γn . These maps give a
commutative diagram
lim
←−
Rkαk
πn


Ξ ◦ ι
// // Ys,p(E/K∞)
πn


Rnαn
resn ◦ ιn
// Selp(E/K∞)
Γn
The surjectivity of the top row follows from theorem 3.2. As for the surjectivity
of the vertical maps, this follows from the fact that the transition maps defining
both lim
←−
Rnαn and Ys,p(E/K∞) are surjective (For Ys,p(E/K∞), this is shown
above. For lim
←−
Rnαn, see property (4) of the Kolyvagin classes in section 2.2).
We claim that the bottom map is an isomorphism. The injectivity follows from
the fact that ιn is injective and the fact that E(K∞)[p
∞] = {0} ([9] corollary 2.4)
which implies that resn is injective. The surjectivity follows from the commutative
diagram.
The conclusion of the proof now is easy. Let n ≥ 0 be an integer. By theorem 3.7,
Selp(E/K∞)
dual is a free Λ-module of rank 1. Therefore dimFp(Selp(E/K∞)
Γn) =
pn and so by the isomorphism of the bottom row of the commutative diagram, we
have dimFp(Rnαn) = p
n. But Rnαn is contained in the image of E(Kn)/p →֒
H1(Kn, E[p]) via the injective Kummer map. Therefore, dimFp(E(Kn)/p) ≥
pn. Since E(K∞)[p
∞] = {0}, dimFp(E(Kn)/p) = rank(E(Kn)). So we get
rank(E(Kn)) ≥ pn as desired. 
We can now finally prove our theorem
Theorem 3.9. Assume that (E, p) satisfies (⋆) and that p does not divide yK in
E(K). Then we have
(i) Selp∞(E/K∞)
dual is a free Λ-module of rank 1
(ii) rank(E(Kn)) = p
n for all n ≥ 0
(iii) X(E/Kn)[p
∞] = {0} for all n ≥ 0.
Proof. First we prove (ii) and (iii). Let n ≥ 0 be an integer. Accord-
ing to theorem 3.7, Selp(E/K∞)
dual is a free Λ-module of rank 1. Therefore
dimFp(Selp(E/K∞)
Γn) = pn. Since by [9] corollary 2.4 E(K∞)[p
∞] = {0}, therefore
it follows that Selp(E/Kn) injects via the restriction map into Selp(E/K∞)
Γn . So
dimFp(Selp(E/Kn)) ≤ p
n. Also, E(K∞)[p
∞] = {0} implies that dimFp(E(Kn))/p =
rank(E(Kn)). Combining this with the result of the previous proposition, we get
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dimFp(E(Kn)/p) = rank(E(Kn)) ≥ p
n. But E(Kn)/p injects via the Kummer map
into Selp(E/Kn) and so by all the facts just mentioned, we must have
rank(E(Kn)) = dimFp(E(Kn)/p) = dimFp(Selp(E/Kn)) = p
n (10)
Then (10) proves (ii) and combining it with the following exact sequence gives (iii).
0 −→ E(Kn)/p −→ Selp(E/Kn) −→X(E/Kn)[p] −→ 0
We now prove (i). Let X = Selp∞(E/K∞)
dual and D the torsion Λ-submodule of
X . We have an exact sequence
0 −→ D −→ X −→ X/D −→ 0
The snake lemma with the multiplication by p map gives the following exact se-
quence
(X/D)[p] −→ D/p −→ X/p
But X/D is torsion-free and so (X/D)[p] = {0}. Therefore, D/p injects into X/p.
We claim that D/p is finite. To see this, note that from [12] propositions 5.1.7, 5.1.8
and 5.1.9, we have that D/p is infinite if and only if X has positive µ-invariant.
According to [10] theorem 3.4 (and the remark after theorem 3.1), X has µ-invariant
equal to zero and so it follows that D/p is finite.
Now since E(K∞)[p
∞] = {0} ([9] corollary 2.4), therefore we have an isomorph-
ism Selp(E/K∞)
∼−→ Selp∞(E/K∞)[p]. So X/p = Selp(E/K∞)dual and this is a
free Λ-module of rank 1 by theorem 3.7. Since X/p is a torsion-free Λ-module,
it follows that D/p = 0 which by Nakayama’s lemma implies that D = 0 i.e. X
is torsion-free. Moreover, as X/p is a free Λ-module of rank 1, it follows that
dimFp(X/(γ − 1, p)X) = 1 so by Nakayama’s lemma X is a cyclic Λ-module. Since
it is also torsion-free, it must be free. 
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